PROGRESSION

1. Definition

When the terms of a sequence or series are arranged under a definite rule then they are said to be in a progression.

Progression can be classified into 5 parts as-
(i) Arithmetic Progression (A.P.)
(if) Geometric Progression (G.P.)
(iii) Arithmetic Geometric Progression (A.G.P.)
(iv) Harmonic Progression (H.P.)

(v) Miscellaneous Progressions

2. Arithmetic Progression (A.P.)

If a is the first term and d is the common difference then A.P. can be written as
at(@a+d)+(@+2d)+@+3d)+..

2.1 General Term of an A.P.

General term (nth term) of an AP is given by

T,=a+(n-1)d

Note :

(i) General term is also denoted by ¢ (last term).

(if) n (no. of terms) always belongs to set of natural numbers.

(iii) Common difference can be zero, + ve or—ve.

(iv) nt" term from end is given by = T — (n —1) d or (m —n + 1)™ term from beginning (where m is total no. of terms).

2.2 Sum of 'n" terms of an A.P.

S,=X[2a+(n-1)d] or S, = % [a+T,] or Sn= % (a+I)

NS

Note :

(i) General term T, = Sp — Spa Where Sp_1 is sum of (n —1) terms of A.P. and S, is sum of n terms.

(if) Common difference of A.P. is given by d = S, —2S; where Sz is sum of first two terms and S; is sum of first term

or first term.
(iii) The sum of infinite terms ofan AP.iswif d>0and—oifd<0.
2.3 Arithmetic Mean (A.M.)

If A is the A.M. between two given numbers a and b, then A = %

=2A=a+hb
2.4 'n" AM's between two given numbers a and b
4=278 A —atd Ayzat2d.. A,

n+1
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=a+ndorA,=b-dand

A =a+r (Hj where A, is r'" A.M. between a & b.
+

(i) Sum of n AM’s inserted between a and b is equal to % (a+h).

(if) Any term of an AP (except the first term) is equal to the half of the sum of terms equidistant from the term i.e.
an = 12 (8, + anei), kK< n.

Where k is distance of term.

2.5 Supposition of terms in A.P.

(i) Threetermsas:a—d,a,a+d

(if) Fivetermsare:a—2d,a—d,a,a+d,a+2d

(iii) Four termsas :a—3d,a—d,a+d,a+3d

2.6 Some properties of an A.P.

(i) If each term of a given A.P. be increased, decreased, multiplied or divided by some non-zero constant number then
resulting series thus obtained will also be in A.P.

(i) In an A.P., the sum of terms equidistant from the beginning and end is constant and equal to the sum of first and
last term.

(iii) Any term of an AP (except the first term) is equal to the half of the sum of terms equidistant from the term i.e.
an = %(an,k +an+k), k<n

(iv) If in a finite A.P. the number of terms be odd, then its middle term is the A.M. between the first and last term and

its sum is equal to the product of middle term and no. of terms.

3. General term of a G.P.

General term (nth term) of a G.P.
a+ar+ar+...isgivenby T,=ar"1

3.1 Sumof 'n' term of a G.P.

The sum of first n terms of a G.P. is given by

al-r") _ a-rT,
1-r 1-r

Sp= whenr<1or

a(r"-1) _rT, -a
r-1 r-1

n when r > 1 and

Sp,=nawhenr=1
3.2 Sum of an infinite G.P.
The sum of an infinite G.P. with first term a and common ratior (-1 <r<1lie.|f|<1)is

a

Spy= —
1-r
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3.3 Geometrical Mean (G.M.)

If G is the G.M. between two numbersaand bthen G2=ab = G = \/%
3.4 'n' GM's between two given numbersa & b

1

r= (EJM then G; =ar, G, = ar?, Gg=ard ..., G, = ar or G= %and Gy = a(b/a)kn*1, where G, is ki G.M. between
a

a&b. Product of n GM's inserted between a and b is equal to (ab)"2.
3.5 Supposition of terms in G.P.
(i) Threetermsas: alr, a, ar

a

(i) Fivetermsas: —

a
, —,a,ar, ar?
r

=

a
(iii) Four terms as : —,ar,ard
r

—xml )

3.6 Some properties of a G.P.

(i) If each term of a G.P. be multiplied or divided by the same non-zero quantity, then resulting series is also a G.P.
(ii) In a G.P. the product of two terms which are at equidistant from the first and the last term, is constant and is equal
to product of first and last term.

(iii) If each term of a G.P. be raised to the same power, then resulting series is also a G.P.

(iv) Ina G.P. every term (except first) is G.M. of its two terms which are at equidistant from it. i.e. T, = T T k<r

(v) In a finite G.P., the number of terms be odd then its middle term is the G.P. of the first and last term.

(vi) If the terms of a given G.P. are chosen at regular intervals, then the new sequence is also a G.P.

(vii)If a1, a2, as,....., an is a G.P. of non-zero, non negative terms, then log ai, log a, ...... , log an isan A.P. and vice-
versa.
(viii) If a1, az, as,..... and by, b2, bs....... are two G.P.'s then aiby, asby, asbs .. .. is also in G.P.

7. Some special series

i N n(n+))
(i) 1+2+3...... +n—Z(k)_ »

2_Nn(n+)(2n+1)
6

(iii) 13+ 28+ 3%+ ...+ > i(k)% (n(n+1)] (Zk}
k=1

n
(iv) Sum of first n odd natural numbers = Z(Zr -1)=n?
r=1

n
(v) Sum of first n even natural numbers = ZZr =n(n+1)
r=1
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8. Properties of A.P.

(i) If for an A.P. pth term is g, gt term is p then mth termis=p + q—m.
(ii) If for an AP sum of p terms is g, sum of g term is p, then sum of (p + q) termis— (p + Q).

(iii) If for an A.P. sum of p terms is equal to sum of g terms then sum of (p + q) terms is zero.

9. Mean of 'n' numbers

a,+a,+az+...+a,
n

(i) Single AM (A) of n positive numbers A =

(ii) Single GM (G) of n positive numbers G = (a1aas. ...an)""
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SOLVED EXAMPLES

Ex.1

Sol.

Ex.2

Sol.

The first, second and middle terms of an AP are a, b, ¢ respectively. Their sum is—

) 2€=2) 2(c a) ®) ZCb(c—a)+
-a

©) 20(b—a) D) 2b(c-a)
c—a b-a

We have first term = a, second term = b

d = common difference =b —a

It is given that the middle term is c. This means that there are an odd number of terms in the AP. Let there be
(2n+1) terms in the AP. Then (n+1)t term is the middle term.

s.middleterm=c=a+nd=c

—a+n(b-a)=c=n= C;Z

sum = 2n +1

[2a + (2n+1-1)d]

B
35 o= T

Ans.[B]

If a,, a,, a,.....a, are in AP where a; > 0 V i then the value of ! + L ot -

Var+ya,  Jay +yfag a1 2y

(A)

1
1/al +,/an ® = ,/ ,/
n-1
O O

Let d be the common difference of the A.P. Now on rationalising each term, we get

a;—a, ap —az an_1—a

Jag —\a, +4fa, —Jag +.fa,
d

_ (e,

d

1 (a,-ay)
d \/_ Ja,
(n-1)d [ a,=a +(n—1)d]

- dly/a, ++/2,]
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- n-1
Ja, +4a
Ans.[D]
Ex.3  If the AM and GM between two numbers are in the ratio m : n then the number are in the ratio—

(A)m+m:mfm
(B)m—m:m+m
(C)n+m:n—m
(D)n—m:n+ n? _—m?

a+b _m

2Jab  n

a+b+2Jab _m+n
a+b—2yab m-n

(\/5+\/B] _vJm+n
Ja-b m—n

2\/5 _ Jm+n++/m-—n
2\/5 Jm+n—+Jm-—n

a _ m+Vym®—n?

b m-Vm?-n?
Ans.[A]

Ex4 1+22+3.22+4.2%+ ...+ 100.2% equals-
(A) 99.2100 (B) 100.2100
(C) 1 +99.2100 (D) None of these

Sol. Let
S=1+22+322+4.2%+..+100.2%...(1)
=2S5=2+2.22+3.23+..+99.29% +100.2100_ (2)
Subtracting (2) from (1), we get
—S=(1+2+ 22+ 23+ ..+ 2%) - 100.2100

Sol.

=

— S =100.2100 2% -1
2-1

=100.2100 _ 2100 4 1

=1 + 99,2100

Ans.[C]
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Ex.5

Sol.

Ex.6

Sol.

Ex.7

Sol.

If 1, Iogy X, log, y,— 15 log, z are in A.P., then

(A)2=x B)x=y1
Cz3=y DO)x=y*=2

Let d be the common difference. Then
log,x=1+d = x=y!*d
log,y=1+2d= y=zi+«

and -15log, z=1+3d = z=x{1+3d15
LX=yl+d = z@+2d) (L+d)

= X—(l +d) (1 +2d) (1 +3d)/15
=>1+d)y(1+2d)(1+3d)=-15

= 6d®+11d2+6d+16=0

= (d+2)(6d2-d+8)=0

=>d=-2

[Note that 6d2 —d + 8 = 0 has complex roots]
LX=yltdoyl y=z1-4=7-3
aX=(z83)y1=z8 Alsox=y1=728
Ans.[A, B, C, D]

If log2, log (2*—1) and log (2* + 3) are in A.P., then x is equal to
(A)5/2  (B)log,5 (C)log,2 (D)3/2
As log2, log (2x—1) and log (2x + 3) are in A.P.,
2log (2x-1)=1log 2 + log (2 + 3)

= (2x-1)2=2(2x+ 3)

=S 2%_4x2x-5=0

= (2x-5)(2x+1)=0

As 2x cannot be negative, we get

2x-5=0

=2x=50rx=log,5

Ans.[B]

If log, a, @2 and log, x are in G.P., then x is equal to
(A) log, (log, a)

(B) log, (log, a) - log, (log, b)

(C) —log, (log, b)

(D) log, (log, b) — log, (log, a)

wheree>0ande=1

As log, a, @2, log, x are in G.P.,

(@)% = log, a. log, x
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loga logx _ loga _

= ak=

. = =log, a
logx logh logb 9

=>X= Ioga(IOQb a) = IOga (IOge a) - IOga (IOQe b)
Ans.[A, B]

n
Ex8 If Zr(r +1)(2r+3)=an*+ bnd+cn? + dn + e, then

r=1
(A)a=1/2 (B) b=28/3
(C)c=9/2 (D)e=0
Sol. We have

y r(r+1)(2r+3) = n (2r® +5r% +3r)
2 2

r=1 r=1

n

:22r3 +5 3 r? +3ir
r=1

r=1 r=1

= Zan(n +1)2}+ 5[%n(n +1)(2n +1)} + BBn(n +1)}

%n(n+1)[3n(n+1)+5(2n+1)+9]

%n (n+1) (32 + 13n + 14)

% [3n4 + 16n3 + 27n2 + 14n]

£n4+ §n3+ gn2+ Zn

2 3 2 3
Ans.[A, B, C, D]

Ex.9 The interior angles of a polygon are in arithmetic progression. The Smallest angle is 120° and the common
difference is 5°. Find the number of sides of the polygon.
Sol. Let n = number of sides of the polygon
sum of all the interior angles of a polygon of
n sides = (2n —4) x 90
Here the interior angles form an A.P. with
a=120°andd =5°

Now S, = % [2a+ (n—1)d]

% [2(120°) + (n — 1)5] = 2(n — 2) x 90
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Ex.10

Sol.

. % [240 + (n— 1)5] = 180 (n—2)

- n[240 + (n—1)5] = 360(n — 2)
2.240n+n (n—1)5=360(n-2)

L 48n+n(n-1)=72(n-2)

s 48n+n?—n=72n-144

N2 +48n—n—-72n+144=0
n2-25n+144=0

S~ (M=-9)(n-16)=0

~n=9o0rn=16

But note that if n = 16 then greatest angle
=a+(n-1)d

=120 + (16 — 1)5

=120+ 75=195.

Greatest angle is 195° and common difference is 5°

.. One of the angles would be 180° which is not possible in a polygon

Hence this is to be omitted

.. The only possible value of nisn=9.

If the sum of m terms of an A.P. is equal to the sum of the next n terms and the next p terms, prove that

(m+n) [%—%j =) (2-2]

Let a denote the first term and d the common difference of the A.P. Then a,, the k™ term of the A.P., is given

bya, =a+(k—1)d.
Suppose a,+ a, +..+a, =a_ ,, ta, ., +..ta
=25,=S

where S, =a, +a,+ ... +a,

m+n

m+n

m+n
2
2m =2a+(m+n—1)d 14 nd

m+n 2a+(m-1)d 2a+(m-21d

2 % [2a+(m-1)d] = [2a+(m + n — 1)d]

- nd _m-n
2a+(M-1)d m+n

(i)

pd _m-p
2a+(m-1)d m+p

Similarly, (i)

Dividing (i) by (ii), we get

n_m-n m-p
P m+n m+p
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_, (m+n)(m-p) _ (m+p)(m-n)

p n
_, (m+n)(m-p) _ (m+p)(m-n)
mp mn
= (m+n) (i—lJ:(m+p) (i—lj Ans,
m p m n

logx _ logy _ logz
y-z z-X X-Y

Ex.11 If then prove that xy*2 y z#x z x*v = 1 Also prove that xY*2 + y#™* + 7%v> 3,

Sol. For logx, logy, logz to defined
x>0,y>0,z>0

Now logx _ logy _ logz —K
y-z z-X X-Y

X = 10K6-2) |y = 10KEX) | 7 = 10K(-Y)
= (7. (). @)

- 10k(y2+22+x2—x2—y2—22) = 100 =1

i.e xytz  yzx iy =1 ()

Again take the positive number xy*Z, y#**and zx*v

AM.>G.M.
y+z Z+X X+y
X + +Zz [
y3 > 3 Xy+Zyz+xe+y =1

SXYPZ 4y 734y > 3 Hence proved. Ans.
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EXERCISE

Q.1

Q.2

Q.3

Q.4

Q5

Q.6

Q.7

QS8

Q.9

If the ratio of the sum of n terms of two AP’s is 2n : (n+1), then ratio of their 8! terms is-

(A)15:8 (B)8:13

C)n:(n-1) (D)5:17

The sum of n terms of an AP is 3n2 + 5n. The number of term which equals 164 is-
(A) 13 (B) 21

(C) 27 (D) None of these

If a, b, ¢ be the I*t, 3" and n™ terms respectively of an A.P., then sum to n terms is —
WSt e

CR S

Ifa;, ay, ag, .ccvve. isan A.P.such thata, + a5+ a;p+ a;5+ a8, + a,, =225thena; +a, +a; + ...... + 8yt Ay,
is equal to-

(A) 909 (B) 75

(C) 750 (D) 900

The sum of all even positive integers less then 200 which are not divisible by 6 is —
(A) 6534 (B) 6354

(C) 6543 (D) 6454

If x,y, zarein AP, a is AM between x and y and b is AM between y and z; then AM between a and b will
be-

(A)%(x+y+z) (8)z

(C)x D)y
If n AM’s are inserted between 1 and 31 and ratio of 7 and (n-1)" A.M. is 5 : 9, then n equals-
(A)12 (B)13 (C)14 (D) None

If the angles of a quadrilateral are in A.P. whose common difference is 10°, then the angles of the
quadrilateral are-

(A) 65°, 85° 95°,105°  (B) 75°, 85°, 95°, 105°

(C) 65°, 75°, 85°,95° (D) 65°, 95°, 105°, 115°

Divide 20 into four parts which are in A.P., such that the product of the first and fourth is to the product of
the second and third is 2 : 3 -

(A)2,4,6,8 (B)3,57,9

(©)4,6,8,10 (D) None of these
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Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

If a2 (b+c) , b2 (c+ a), c? (a+ b) are in A.P.,
then-

(A)ab,careinAP (B)ab+bc+ca=0.
(C)ab,careinGP (D)ab-bc-ca=0
The sum of the series

1.32+ 2. 52+ 3.72+.... upto 20 terms is-

(A) 188090 (B) 180890

(C) 189820 (D) None of these
The sum to infinity of the series

SV S S T
24 46 6.8 8.10
(A) 1/4 (B)1/8 (C)1/2 (D) 1/16

A GP consists of an even number of terms. If the sum of all the terms is 5 times the sum of the terms
occupying odd places, the common ratio will be equal to-

(A) 2 B) 3 © 4 (D)5

If in a geometric progression {a.},a,= 3, a,= 96 and S, = 189, then the value of n is-

(A)5 (B) 6

7 (D) 8

In any G.P. the first term is 2 and last term is 512 and common ratio is 2, then 5 term from end is-
(A) 16 (B) 32

(C) 64 (D) None of these

If the sum of an infinite G.P. be 3 and the sum of the squares of its term is also 3, then its first term and

common ratio are-

(A) 3/2,1/2 (B) 1/2, 3/2
(©)1,1/2 (D) None of these
Sum 1+ l+i+i+ w..tooo=

7 5% 72

(A)5/12 (B)3/4 (C)7/12 (D) 3/49

The sum of infinite number of terms of a decreasing G.P. is 4 and the sum of the squares of its terms to
e .. 16 .
infinity |s?, then the G.P is —

(A)2,1,1/2,1/4,.... (B)1/2,1/4,1/8,......
(©)2,4,8, .... (D) None of these
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Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

The sum of 10 terms of the series
T+ 77+ 777+ ..is-

7 1 1
(A) 3 (89+10TJ (B) — (89+1010j

7 1
C) —|89+— D) None of these
©) 81[ 109J (D)

If0<x,y, a, b <1, then the sum of the infinite terms of the series \/;(\/Eh/;) + &(\/%ﬂ/ﬁ) +
Jx (b +yx)+.... is-

Jax X Ix o Wx
® 1o 1+.Jy ®) 1ivb 1+.y

J‘ Jx D Jax X
) +

b 1- Jy ~Jb 1-\fy

The sum to n terms of the series

2 8 26 80
et —+—
3 9 27 &

(C)

+... is equal to-

(A)1— (1/3) (B)2— % @)
(C) n—n(1/3)" (D) None of these

The product of three geometric means between 4 and 1/4 will be -

(A) 4 (B)2
©)-1 D)1
If the A.M. is twice the G.M. of the numbers a and b, then a : b will be-
A) J3+2 (B) 2+4/3
32 2-4/3
© 32 (D) None of these
N
If one A.M. i.e., A and two G.M.’s i.e., p and q are to be inserted between two given numbers,
2 2
then L
q p
(A)A (B)2A (C)A2 (D) A?
If the product of three numbers in GP is 3375 and their sum is 65, then the smallest of these numbers is-

(A)3 (B)S ()4 (D)6
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Q.26

Q.27

Q.28

Q.29

Q.30

Three numbers whose sum is 15 are in A.P. If 1,4,19 be added to them respectively the resulting numbers are

in G.P. Then the numbers are-
(A) 2,5,8 (B) 26, 5,16
(C) 36,5,-16 (D) None of these

Four numbers are such that the first three are in A.P. while the last three are in G.P. If the first number is 6

and common ratio of G.P. is 1/2, then the numbers are -

(A)6,8,4,2 (B) 6, 10, 14,7
(©)6,9,12,6 (D)6,4,2,1
If X, y, zare in G.P. then x2 + y2, xy + yz,
y2 + z2 are in-
(A) AP. (B) G.P.
(C)H.P. (D) None of these
Ifa,b,c,dareinG.P.thena+b,b+c,c+darein-
(A) AP. (B) G.P.
(C)H.P. (D) None of these
Ifa, b, care in G.P. then-
1 1 1)_
(A) a%h2c? (a_3+F+c_3j =ad+p3+c3
(B) (a2~ b2) (b2 + ¢2) = (b2 — C?) (a2+D?)
1 1 1)
(C) a2bc? (a—S i c_3j =ad+h3+c3

(D) (a2 +b7) (B2 + ¢7) = (B2 + ) (a2+?)

ANSWER KEY

EXERCISE
Que.| 1 | 2] 3| 4|56 7] 8] 9 w|ufw]3]14]155]16]17[18]19]20
Ans. A AB| A A C B B A A A B D
Que. | 21 | 22 | 23 | 24 | 25| 26 | 27 | 28 | 29 | 30
Ans.| D | D| B|B|B| A|D]| B | B |AB
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