POLYNOMIALS

e Introduction to Polynomials, Polynomials in One Variable, Zeroes of a Polynomial, Value of

Polynomial, Remainder Theorem, Factorization of Polynomials, Algebraic Identities

Basic Concepts and Important Terms:

(1) Constant: It is a symbol whose value always remains the same, whatever the situation be.
For Example: 8,6, n,z,i etc.
815
(2) Variable: A symbol which may be assigned different numerical values i.e. changes according to the situation.
For Example: x,y,z, ax; 2x? — 7x + 5; here, x is variable.
Similarly, area of circle = mr?; here, 1 is a constant and r is variable.

(3) Algebraic Expressions: A combination of constants and variables, connected by some or all of the operations
+,—,x and + is known as algebraic expression.
For Example: 5x — 2y, 7x — 3y + 5z ..... etc.

(4) Terms of an Algebraic Expression: The various parts of an algebraic expression that are separated by ‘t’ or
"' sign are called terms.

For Example: In the expression 3x + 4y — 7, we call 3x,4y and —7 as terms.

There are two types of terms present in the polynomial.

/— Like Terms

Types of Terms

Unlike Terms

Like Terms:

Terms having the same literal coefficients are called like terms.
For Example:

(i) 15x2, —19x2 and 35x2 are all like terms.

(ii) 8x2y, 5x%y and —7x2y are all like terms.

Unlike Terms:

Terms having different literal coefficients are called unlike terms.
For Example: 5x%, —10x and 15x3 are unlike terms.

(5) Coefficient: Any factor of a term is called the coefficient of the remaining term.
For Example:
(i) In 8x, 8 is coefficient of x and x is coefficient of 8.

(ii) In 2x* — 5x3 + gxz —/2x + 7, cofficient of x*,x3,x2 and x are 2, -5, ; and —/2, respectively, while 7 is the
constant term.

(6) Exponent: The exponent of a number tells how many times a number should be used in multiplication.
In polynomials, an exponent is always a whole number (0,1,2,3, ....).

For Example: 2x? — 2x + 3

In the given example, exponent of x in the first term is 2. Consider the examples:

(i) §= 7x~ 1. Here, the exponent of x is —1, which is not a whole number. Therefore, this expression is not a
polynomial.

1 1
(ii) 3vz = 3z2. Here, the exponent of z is > which is not a whole number. Therefore, this expression is not a
polynomial.
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Degree of a Polynomial in One Variable:

The highest index of the variable in a polynomial of one variable is called the degree of the polynomial.
For Example:

(i) 11x3 — 7x2 + 5x + 2 is a polynomial of degree 3.

(ii) 15x° — 8x + 7 is a polynomial of degree 6.

Degree of polynomial in Two or More Variables:

The sum of the exponents of the variables in each term is taken up and the highest sum so obtained is called the
degree of a polynomial in two or more variables.
For Example:
1 1

(i) X1y5 _ gxZy3 + xlyl _ §
The given polynomial has two variables x and y.

= x'y® the sum of exponents = 6

. %x2y3, the sum of exponents = 5

= x!y!, the sum of exponents = 2

= § the sum of exponents = 0
Hence, the degree of polynomial is 6.
(ii) 4a?b*ct — 3alb%c? + 2alblct — 7
The given polynomial has three variables a, b, and c.
*  4a’b*c!, the sum of exponents = 7
= 3alb?c?, the sum of exponents = 5
» 2a'blcl, the sum of exponents = 3

= 7, the sum of exponents = 0
Hence, the degree of polynomial is 7.

Example:

Write the degree of the following polynomials:

(i) p(x) = 2x3 —x+\/ig

. 2 1

(i) p(g) = 6g° — 8> +g—;

(iii) p(x) = 5x% + 2x + 5

Solution : (i) p(x) = 2x3 —x + %
Since, the highest power of x in p(x) is 3, the degree of polynomial 2x3 — x + % is 3.

) . 2, 1

(iDp(g) =6g" —cg"+g—3
As the highest power of g in the polynomial p(g) is 5, the degree of polynomial 6 g° —% g’+g —% is 5.

(iii) p(x) = 5x® + 2x + 5
As the highest power of x in p(x) is 2, the degree of polynomial p(x) = 5x? + 2x + 5 is 2.

' \Ll " Check Your Concept - 1

Find the degree of the polynomial:

o LB 9pe g
(ii) —7x%y? + 9x3y? — 4x2y">
(iii) 2x+3)(3x—1)

Classification of Polynomials

(1) Classification of polynomials on the basis of number of terms
On the basis of number of terms, polynomials can be classified as:

Monomial
Types of Polynomials Binomial

Trinomial
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(i) Monomial:

An algebraic expression that contains only one term is called a monomial.
For Example: 2x,3,4t,9pq,2c etc... Each of these expressions contains only one term and hence is called
monomial.

(ii) Binomial:

An algebraic expression that contains only two unlike terms is called a binomial.

For Example:

(i) 6x + 2x?

The given expression is a binomial since it contains two unlike terms, that is, 6x and 2x? which are separated by a
plus sign.

(i) 6x — 2x?

The given expression is a binomial since it contains two unlike terms, that is, 6x and 2x? which are separated by a
minus sign.

If the terms, 6x and 2x? are separated by a multiplication sign (6x x 2x2), then it is not binomial because when we
multiply two unlike terms, a monomial is formed. 6x x 2x% = (6 X 2)(x x x2) = 12x3

(iii) Trinomial:

An algebraic expression that contains only three unlike terms is called a trinomial.

For Example: (i) x + x? — 3x3 is trinomial, since it contains three unlike terms namely, x,x? and —3x3.
(i) 7y® + 8y? + 9y is trinomial, since it contains three unlike terms namely, 9y, 8y? and 7y3.

Example:

State which of these is monomial, binomial and trinomial?
()5xa+a
(i) 7a® + 8b + 9¢c
(iii) 6a% + 5b?
Solution: ()5 xa+a=5a+a=6a
Here, number of terms is 1. Hence, it is a monomial.
(i) 7a® + 8b + 9c
Here, number of terms is 3. Hence, it is a trinomial.
(i) 6a® + 5b?
Here, number of terms is 2. Hence, it is a binomial.

(2) Classification of polynomials on the basis of degree of variables
On the basis of degree of variable, polynomials are classified as

e Constant Polynomials
/

Linear Polynomials
Types of Polynomials ‘ Quadratic Polynomials

Cubic Polynomials

Bi-quadratic Polynomials

(i) Constant polynomial:

A polynomial of degree zero is called a constant polynomial.

For Example:

(i) f(x) = 2,f(x) = 2x°

(i) g() = 7, g(x) = 7x°

The given polynomial has degree zero. Therefore, it is called a constant polynomial.

(ii) Linear polynomial:

A polynomial of degree one is called a linear polynomial. Linear polynomial may be a monomial or a binomial.
For Example:
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(yy+2

(i) 4x

y + 2 is a binomial, 4x is a monomial. The highest degree of the given polynomials is 1; therefore,
they are called linear polynomials.

(iii) Quadratic polynomial:

A polynomial of degree two is a called a quadratic polynomial. Quadratic polynomial may be a monomial or a
binomial or a trinomial.

For Example:

(i) 2x2

(i) 2x% + 3

(i) 2x* — 3x + 4

In the above examples 2x? is a monomial, 2x? + 3 is a binomial, and 2x? — 3x + 4 is a trinomial.

The highest degree of the given polynomials is 2 therefore, they are called quadratic polynomials.

(iv) Cubic polynomial:

A polynomial of degree three is called cubic polynomial.

For Example:

(i)4x3 4+ 2x?> —3x+ 4

(i) 12x3 — 3x + 48

In the given examples, the highest degree of the polynomials is 3, therefore, they called are cubic polynomials.

(v) Biquadratic polynomial:

A polynomial of degree four is called a biquadratic polynomial.

For Example:

(i) 10x* + 4x3 + 3x2 — 8x — 12

In the first example, only one variable x is present and the highest degree of the polynomials is 4; hence, it is called
biquadratic polynomial.

(i) 12x%y? — 3x2y! + 2x'y! + 48

In the second polynomial, two variables x and y are there, in which the sum of the powers of the variables in each
term is taken up and the highest sum so obtained is the degree of polynomial. Here, the highest degree of the
polynomial is [2 + 2 = 4]; hence, it is a called biquadratic polynomial.

Example:

Identify the type of the polynomials given below (on the basis of degree):
(i) 5y +3 (i) V3 +x% +x i)y} +y>+y+1
Solution : (i) 5y + 3

In this polynomial, the highest power of y is 1, so it is a linear polynomial

(i) V3 + x% + x

In this polynomial, the highest power of x is 2, so it is a quadratic polynomial

(i)y* +y?+y+1

In this polynomial, the highest power of y is 3, so it is a cubic polynomial.

General Equation of Polynomial of n** Degree

An algebraic expression of the form : p(x) = apx™ + ap_1x" 1 +a, X" 2+......ooneaes +a;x! + agx?® where a, #
0and ag,ag,az,.ccvvnrnnns a, are real numbers and each power of x is a positive integer, is called a polynomial.

Note: The exponent of variable in each term of a polynomial non-negative integer.

Value of a Polynomial

If p(x) is a polynomial in variable x and a is any real number, the value obtained by replacing x by a in p(x) is called
value of p(x) at x = a and is denoted by p(x).

Example:

Find the value of :

(i) p(x) =x3 — 6x% + 11X — 6 (atx = —2)

(i) q(y) = 2y* — 2y + V10 aty = 2

(iiiyp(r) =4r* —2r+ 6atr=a

Solution : (i) p(-2) = (—2)3 — 6(=2)> + 11(-2) = 6 = -8 — 24 — 22 — 6 = p(=2) = —60
(i) q(y) = 2y® — 2y + V10 aty =2
q(2) =2(2)*-2(2)+ V10 =2x8 -4+ V10 = 16 — 4 + V10
q(2) = 12 + V10, which is the required value of q(y) at 2
(iyp(r) =4r? —=2r+ 6atr=a
p(a) =4(@)*—-2(@)+6
p(a) = 4a® — 2a + 6, which is the required value of p(r) atr = a
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Zero of a Polynomial

A real number a is a root or zero of a polynomial if and only if f(a) = 0.

So, if f(x) is a polynomial and a is a real number, then the following are equivalent:
= «is azero of f(x).

= x=ais asolution of f(x) = 0.

= x—ais afactor of f(x).

Example:

Find the zero of polynomial 3x + 6.
Solution: Given polynomial p(x) = 3x+ 6
On putting p(x) =0, we get3x+ 6 =0

3x=0-6
3x=-6
X = 3 =

Hence, x = =2 i.e., p(—2) = 0 is the zero of polynomial, 3x + 6.
Example:

If p(x) = x3 — 6x? + 11x — 6, find the zero of polynomial.

Solution: p(1) =13 = 6(1)?2+ 11(1) -6 =1-6+11-6=0
pP)=(2)>—-6(2)2+11(2)—6=8-24+22-6=0
pP(3)=(3)*-6(3)2+11(3) —6=27-54+33-6=0
Thus, 1, 2 and 3 are called the zero of polynomial p(x).

Example:

Check whether —2 and 2 are zeros of the polynomial t> — t — 6.
Solution: On putting t = —2 in equation (1) we get,

p() =t>—t—6

p(=2) = (-2)*-(-2)-6

p(-2)=4+2-6

p(=2)=6-6

p(=2)=0

Again, on putting t = 2 in equation (1) we get,

pH) =t —t—6

p(2) =(2)*-(2)-6

p2)=4-2-6

p(2)=2-6

p(2) = —4

Therefore, —2 is a zero of the polynomials t?> — t — 6, but 2 is not as the value of p(2) is not equal to zero.

Remainder Theorem

Let p(x) be any polynomial of degree > 1 and ' a ' be any real number. If p(x) is divided by (x — a), the remainder
is equal to p(a).

Proof: Let q(x) be the quotient and r(x) be the remainder when p(x) is divided by (x — a) then
px) = x—a)q(x) +r(x)

where r(x) = 0 or degree of r(x) < degree of (x — a).

but (x — a) is a polynomial of degree ' 1 ' and the polynomial of degree less than one is a constant.
-~ either r(x) = 0 or r(x) = constant

Letr(x) =r, then

px) = (x—-a)qx) +r

Putting x = a then

p(@@) =(a—a)qa) +r

= p@)=r
~ When p(x) is divided by (x — a) then the remainder is p(a).
Note:

(1) If a polynomial p(x) is divided by (x + a), the remainder value of p(x) at x = —a is p(—a).

(2) If a polynomial p(x) is divided by (ax — b), the remainder is the value of p(x) at x = b/a. i.e., p(b/a).
(3) If a polynomial p(x) is divided by (ax + b), the value of remainder at x = —b/a is p(—b/a).

(4) If a polynomial p(x) is divided by (b — ax), the remainder value is equal to p(b/a) at x = b/a.

Example:

Find the remainder when x3 + 3x? + 3x + 1 is divided by x + 1.
Solution: x+1=0=>x=-1
~ Remainder=p(-1) = (-1)* +3(-1)?+3(-1)+1=-1+3-3+1=0

Copyright © 2022 speedlabs.in All Rights Reserved S


http://speedlabs.in/

Example:

Find the value of k, if x?1 + 2x2° + 3x + k is divisible by x + 1.
Solution: The polynomial x?! + 2x2° + 3x + k is divided by x + 1. Therefore, the remainder is equal to —1.
Putting x = —1 in the given polynomial, we get
p(-1D) =0
p(-1) = (-2 +2(-1)?° +3(-1) +k
p(-1)=—-14+2-3+k
p(-1) = —4+2+k=p(-1) = -2+k
p(-1)=k-2
We know that p(—=1) =0
k—2=0=>k=2
Example:

Find the remainder when the polynomial p(x) = 4x3 — 12x? + 14x — 3 is divided by g(x) = x — %
Solution: By remainder theorem,
We know that when the polynomial, p(x) is divided by g(x) = (x - %) then the remainder is equal to p
G)
2
p(x) = 4x3 — 12x% + 14x — 3
C)—4C)3 u(ﬁz++u(ﬁ 3
P\2) =2 2 2

! 12><1+14><1 3
8 4 2

N~

o
/N

N———
1]
IR
X

(1)_ 12 14 35 (1)_1 3473
P(2)787 272 P(z)72
n_1.4

p(z)—§+r

(1)_1+8 3

P2) 7 2x1

(1)_9 _3

P(2)727°72

1 3
Hence, required remainder, p (E) =

Factor Theorem:

Let p(x) be a polynomial of degree > 1 'a ' be a real number such that p(a) = 0 then (x — a) is a factor of p(x).
Conversely if (x — a) is a factor of p(x) then p(a) = 0.

Proof: Let p(x) be a polynomial of degree > 1"'a ' be a real number such that p(a) = 0 then
we have to show that (x — a) is a factor of p(x).

Let q(x) be the coefficient when p(x) is divided by (x — a).

By remainder theorem, p(x) when divided by (x — a) gives the remainder equal to p(a).
~p(x) = (x—a)q(x) +p(a)

=px) = (x—-a)qx)

= (x — a) is a factor of p(x)

Conversely,

Let (x — a) be a factor of p(x). Then we have to prove that p(a) = 0.

Now, (x — a) is a factor of p(x).

= p(x) when divided by (x — a) gives remainder zero.

But by remainder theorem, p(x) divided by (x — a) giving the remainder equal to p(a).
~p@)=0

Note:

(1) If (x + a) is a factor of a polynomial p(x) if p(—a) = 0.

(2) (ax —b) is a factor of a polynomial p(x) if p (2) =0.
(3) ax + b is a factor of a polynomial p(x) if p (— g) = 0.
(4) (x —a)(x —b) is a factor of a polynomial p(x) if p(a) = 0 and p(b) = 0
Example:
Show that 2x — 3 is a factor of the polynomial 2x3 — 9x% + x + 12.
Solution : Let f(x) = 2x3 — 9x2 + x + 12 be the polynomial.
By Factor Theorem, 2x — 3 is a factor of polynomial 2x3 — 9x2 + x + 12 if f(g) =

Now, f(x) = 2x3 — 9x% +x + 12
2

2) 72 2 2
54 81 3
=——-—+-+12

8 42
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_27-81+6+48 81-81

4 4
Hence, 2x — 3 is a factor of 2x3 — 9x? 4+ x + 12.

Example:

If x + 1 is a factor of 2x® — ax? + x + 12, find the value of a.
Solution: Let f(x) = 2x® — ax? + x + 12 be the given polynomial.
By Factor Theorem, x + 1 is a factor of 2x3 — ax? + x + 12 if f(—1) = 0.

Now,

f(-1) = 2(—1)3 — a(—l)2 +(-1)+12
0=-2—-a—-1+12

a=9

o f(x) =2x3 —9x% +x+ 12
Example:

Find the value of k, if x + k is a factor of x3 + kx? — 2x + k + 4.
Solution: Let f(x) = x3 + kx? — 2x + k + 4 be the given polynomial.
By Factor Theorem, x + k is a factor of x> + kx? — 2X + k + 4 if f(—=k) = 0.
Now,
f(=K) = (—=K)® + k(=k)? — 2(=K) + k + 4
0=-k>+Kk>+2k+k+4

0=3k+4
K= 4
T3
Hence, x + k is a factor of f(x), if k = —g

' \b " Check Your Concept - 2

-

(i) Find the remainder when the polynomial

(a) f(a) = a® — 3a® + 4a + 50 is divided by (a + 3).

(b) f(x) = x3 + 3x? + 3x + 1 is divided by 5 + 2x.

(ii) Using the remainder theorem, find the remainder when f(x) is divided by g(x).
(a) f(x) =x3 +4x% —3x+10, g(x) =x+

(b) f(x) =9x> = 3x* +x—5, gx) =x—§

(iii) Determine which of the following polynomial has (x + 1) as a factor:
@x3—x2—(2+V2)x—+2

(b)x*+3x3+3x>+x+1

(iv) If p(x) = x3 — 3x + 2, evaluate p(2) — p(—1) + p(%).

(v) Find the value of k for which (x + k) is a factor of the polynomial f(x) = x3 + kx? — 2x + k + 6.
(vi) If x + 1 and x — 1 are factors of mx3 + x2 —2x + n, find the value of m and n.

Factorisation

Long Division Method

Step 1: First, arrange the terms of the dividend and the divisor in the descending order of their degrees.

Step 2: Now, the first term of the quotient is obtained by dividing the first term of the dividend by the first term of
the divisor.

Step 3: Then, multiply all the terms of the divisor by the first term of the quotient and subtract the result from the
dividend.

Step 4: Consider the remainder as the new dividend and proceed as before.

Step 5: Repeat this process till we obtain a remainder which is either 0 or a polynomial of degree less than that of
the divisor.

Example:

Divide 2x3 + 9x? + 4x — 15 by 2x + 5
Solution: 2x + 5)2x3 + 9x? + 4x — 15(x? + 2x — 3
2x3 + 5x?
=)
4x2 + 4x
4x? + 10x
=)
—6x—15
—6x— 15
HHE)

0
o (2x3 +9x% + 4x — 15) + (2x+ 5) = x? + 2x — 3.
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Application of Factor Theorem in Factorization of Polynomials

Algorithm

Step 1: Obtain the given polynomial f(x).

Step 2: Obtain the constant term in f(x) and find all of its possible factors, a;, a; ... ..

Step 3: Take one of the factors and replace x by it in the given polynomial. If the polynomial reduces to zero, then
(x — a;) is a factor of the polynomial; combine this procedure till you get as many factors as the degree of the
polynomial.

Step 4: Put f(x) = k(x —a;)(x — a,), where k is a constant.

Step 5: Substitute any values of x other than a;,a; ... ... in the equation obtained in step IV and get the value of k.
Step 6: Substitute the value of k in f(x) = k(x — a;)(x — a,).

Example:

Using factor theorem, factorize the polynomial x* + x3 — 7x* —x + 6.
Solution: Let f(x) = x* + x> = 7x* —x + 6

Factors of constant term in f(x) is

+1,+2,43,16

f()=1+1-7-14+6=0

= (x— 1) is a factor of f(x)

f(-1)=1-1-7+14+6=0

= (x+ 1) is also a factor of f(x)

f2)=2*+23-72)*-(2)+6=0

= (x— 2) is a factor

Also f(—2) = (=2)*+ (-2)3 - 7(=2)*—-(=2)+6 %0

= (x + 2) is a not a factor of f(x)

f(=3) = (-3)*+(-3)*-7(-3)2=(-3)+6=0

= (x + 3) is a factor of f(x)

Since f(x) is a polynomial of degree 4, it cannot have more than 4 factors.
A f(x) = k(x— D(E+1)(x=2)(x+3)....(1)

Now, letx =0

= f(0) = 6 =k(-1)(D(=2)(3)

=>6=6k=>k=1

Substituting in equation (1) we get

xt+x3—-7x2 —x+6=x—-DE+1DE-2)x+3)

Factorization by Splitting the Middle Term

To factorize a quadratic polynomial, we split the coefficient of x into two numbers such that their product is equal
to the product of coefficient of x2 and the constant term and sum is equal to the coefficient of x.

Factorization of polynomials of the form ax2 + bx + c:

Step 1: Take the product of the constant term and the coefficient of x2, i.e., ac.

Step 2: Now, this product ac is to split into two factors m and n such that m + n is equal to the coefficient of x,
i.e., b.

Step 3: Then, we pair one of them, say mx, with ax2 and the other nx, with ¢ and factorize.

Example:

Factorise: 6x* — x — 22

Solution: Coefficient of x = —1
Product of coefficient of x? and constant term = 6(—22) = —132
i.e, the sum of two numbers = —1
and product = —132
* The numbers = —12,11
6x2 —x—22=6x2—12x+ 11x—22 = 6x(x — 2) + 11(x — 2)
(x—2)(6x+11)

Example:

Factorise: 6x% + 19x + 15.

Solution :Here, 6 Xx15=90=10%x9and 10+ 9 = 19
5 6x% 4+ 19x + 15
= 6x%>+ 10x + 9x + 15
=2x(3x+5)+3(3x+5) = (2x+3)(3x+5)

Algebraic ldentities:

(1) x% + 2xa+a? = (x + a)?
(2) x? —2xa+a? = (x — a)?
(B)x2—a%2=(x+a)(x—a)
4)x3—a®=(x—a)(x?+xa+a?)
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(B)x3+a%=(x+a)(x?—xa+a?)
6)x3+y3+2z3—3xyz=(x+y+2)(x2+y?+2z2 —xy—yz—1zx)
MDx2+y3+23=3xyzifx+y+z=0

(8) x3 + 3x%a + 3xa% + a% = (x + a)®

(9) x3 — 3x?a +3xa? —a% = (x—a)®

Example:

Factorize 8x3 + 64y3.
Solution: 8x3 + 64y3 = (2x)3 + (4y)3
= (2x + 4Y)[(2%)* — (2x) (4y) + (4y)*]
= 2(x + y)(4x* — 8xy + 16y?)
Factors of 8x> + 64y3 = 2(x + y)(4x? — 8xy + 16y2).

Example:

Factorize (x —y)3 + (y — 2)® + (z — x)3.

Solution: Letx—y=a,y—z=b;z—x=c.
thena+b+c=x—-y+y—z+z—-x=0
[+ a®+b3+c3—3abc=(a+b+c)@® +b?+c?—ab—bc—ca)
andifa+b+c=0= a®+ b+ c® =3abc]
= x=-y)’+-2°+z-x=3-y)y-2)z-X%

7 \g " Check Your Concept - 3

(i) Factorize the following algebraic expressions:

(@) (a+b)2—5a—5b—6

(b)x3—y3—x+y

(c)a® —b?

(d) 6x2 4+ 7x—3

(ii) Without actual division, prove that 2x* — 5x3 + 2x2 — x + 2 is divisible by x? — 3x + 2
(iii) If x> + Xiz = 27, find the value of x — i
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Solved Example

(1) Find the remainder if (x3 — ax? + 2x — a) is divided by (x — a).
Solution: f(x) = (x3 — ax2 + 2x — a)

Now,a=0

x=a

Now, f(a)=a®-aa?+2a-a

=a’-a+2a-a=a

The required remainder is a.

(2) Find if (x — 2) is a factor of (x® - 8).
Solution: f(x) = (x3 - 8)

Here, f(2) = (2)3 -8

=8-8=0

Therefore, (x — 2) is a factor of (x3 — 8).

(3) Find the value of (k+20) for which (x — 1) is a factor of (2x3 + 9x%+ x + k).
Solution: f(x) = (2x3 + 9x2+ x + k)
x—-1=0
=>x=1
f(1)=2x13+9x12+1+k
=2+9+1+k=12+k
Given that (x — 1) is a factor of f(x).
~f(1)=0.
f(1)=12+k=0
k=-12
k+20=8

(4) The polynomials (2x3 + x* — ax + 2) and (2x3 — 3x? — 3x + a) when divided by (x — 2) leave the
same remainder. Find the value of a.
Solution: p(x) = 2x3 + x% —ax + 2

p(x) =2x3 +x% —ax+2

Putting x = 2 in p(x),

we get

p(2) =22-2a

q(x) = 2x3—-3x?-3x+a

Putting x = 2 in q(x),

we get

q2)=a-2

Remainder are same, So,
a-2=22-2a

3a=24

a=8

(5) Factorize: (ax + by)? + (bx — ay)?.
Solution: (ax + by)? + (bx — ay)?

= a? x2 + b? y2 + 2abxy + b? x? + a2 y2 — 2abxy

=a?x2+b2y2+ b2 x2+a?y?

=a2x2 + b2 x2+ b2 y2 + a2 y?

= x2 (a2 + b?) + y2(a2 + b?)

= (a® + b?) (X* +y?)

"/ Y
(6) The value of%
Solution: Bring all the numbers in the lowest prime numbers as bases,
3xn 3x—h
373 x 23%7"e

T gaxTN, o7,
3nx 27 "2
= — =233
3-2n % 272

is equal to

(7) If (x3 + ax? + bx + 6) has (x — 2) as a factor and leaves a remainder 3 when divided by (x — 3), find the
value of b — a.
Solution: Let f(x) = (x3 + ax2 + bx + 6)

So,f(38)=3%+ax32+bx3+6=3

=27+9a+3b+6=3

=9a+3b+33=3
=9a+3b=3-33
=9a+3b=-30

=3a+b=-10....(I)
Given that (x — 2) is a factor of f(x).
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By the Factor Theorem, (x — a) will be a factor of f(x) if f(a) = 0 and therefore

f(2)=0

f2)=22+ax22+bx2+6=0

8+4a+2b+6=0

4a+2b=-14

=2a+b=-7...(ii)

Subtracting (ii) from (i), we get,

a=-3

Substituting the value of a = -3 in (i),

we get,

3(-3)+b=-10

—-9+b=-10

b=-10+9=>b=-1
=—-3andb=-1

b—a=2

(8) Find the remainder if (2x* + 6x3 + 2x2 + x — 8) is divided by (x+3).
Solution: f(x) = (2x* + 6x3 + 2x2 + x — 8)

Now, x+3 =0

=-3

We know that when f(x) is divided by

(x + 3) the remainder is f(—3).

f(—3) =2(-3)* +6(-3)3 +2(-3)>-3-8

=162-162+18-3-8

=18-11=7

The required remainder is 7.

(9) Without actual division, show that (x® — 3x? — 13x + 15) is exactly divisible by (x? + 2x — 3).
Solution: Let f(x) = x3 — 3x2 - 13x + 15
Now, x2 +2x—3=x2+3x—x—-3
=Xx(x+3)-1(x+3)=>(x+3)(x—1)
Thus, f(x) will be exactly divisible by x2 + 2x —3 = (x + 3) (x = 1)
if (x + 3) and (x — 1) are both factors of f(x), so by factor theorem,
we should have f(-3) = 0 and f(1) = 0.
Now, f(-3) = (-3)3 =3 (-3)2 =13 (-3) + 15
= -27-3x9+39+15=>-27-27+39+15
=-54+54=0
Andf(1)=13-3X12-13x1+15
=1-3-13+15=215-15=0
f(-3)=0and f(1)=0
So, x2 + 2x — 3 divides f(x) exactly.

1 1
(10)If x——=8.Find x* + .
X X )
ion: ([x—1) = _1 g2 241 1_
Solution: (x X)-8::»()( X) =8 =5x"+5-2.x_=64
1
>x*+—-2 =64
X

1 1
>x*+—==64+2.x"+—=66
X X
(1) I x— - =2, findx* + .
2
Solution:x—1=2=>(x—1) =22
X X
1
>x+—=-2.x-=4
X X )
1 1
$X2+—2=6$(x2+—2> = 62
X 5 X
1 1
=>(x2)2+(x—2) +2.x2.X—2=36

1
=>x*+—+2=36

X

1
=>xt+— =34

X

(12) If x — y = 15 and xy = 30, find the value of x3 — y3.
Solution: (x —y)3 =x3 —y3 - 3xy(x—y)

= (153 =x3-y3-3x30x15

= 3375 =x3—y3-1350

= x3 — y3 = 3375 + 1350

=x3 —y3=4725
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(13) Find the value of a® for which (x + a) is a factor of the polynomial f(x) = x3 + ax?> — 2x +a + 6.
Solution: (x + a)is a factor of f(x) = x>+ ax? — 2x+a+6

f(—a) =0

(—a))+a(-a)*—2(-a)+a+6=0

3a=-6

a=-2=a’=4

1
(14) If x = 3 + /8, find the value of x2 + =

Solution: x? + =,
X
Given, x =3 ++/8
1 1 3-8

ST
X 3++8 3-8

1
Hence,x+;=3+\/§+3—\/§=6

=3-+8

, . 1 1y°
2= (x+2) -2
X X

=62-2=34
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Exercise

OBJECTIVE TYPE QUESTION

(1) What is the remainder when (4x3 — 3x? + 2x — 1) is divided by (x + 2)?

(A) 49 (B) 48
(C)—49 (D) None
(2) The remainder when 4a® — 12a? — 14a — 3 is divided by 2a — 1 is:
NE (B)3
(C)0 D)=

(3) If (x3 + ax2 + bx + 6) has (x — 2) as a factor and leaves a remainder 3 when divided by (x — 3), the values of 'a'
and 'b' are:

(Aa=-3,b=-1 (B)a=3,b=—1
(C)a=-3,b=1 (D)a=3,b=1
(4) If 4x* — 3x3 — 3x%2 + x — 7 is divided by 1 — 2x, the remainder will be
57 59
(A)E5 (B) —g
© (IR

(5) The polynomials ax® + 3x?> — 3 and 2x3 — 5x + a when divided by (x — 4) leaves remainders R1 and Ry,
respectively, then value of a if 2R1 — R2 = 0.

18 18
(A) —175 B
(©) > (D) None
(6) If (x — a) is a factor of x® — ax® + x* —ax® + 3x — a + 2, then value of a is
(A)1 (B)2
(C)-2 (D)-1

(7) A quadratic polynomial is exactly divisible by (x + 1) and (x + 2) and leaves the remainder 4 after division
(x + 3), the polynomial is

(A) X2 +6Bx + 4 (B) 2x2 + 6x + 4
(C) 2x2 + 6x — 4 (D) 2 + 6x — 4
(8) The values of a and b so that the polynomial x® — ax? — 13x + b is divisible by (x — 1) & (x + 3) are
(Aya=15b=3 (B)a=3,b=15
(C)a=-3, b=15 (D)a=3,b=-15
(9) The product of all the solutions of x* — 16 =0, is
(A)-16 (B) -4
(C)4 (D) 16
(10) x — 8xy® =
(A) x(1 = 2y) (1 + 2y + 4y?) (B) x(1 + 2y) (1 + 2y + 4y?)
(C)x(1-2y) (1 -2y +4y?) (D) x(1 +2y) (1 -2y +4y?)
(11) Factors of x* —x2 — 12 is
(A) (x +2) (x=2) (¢ +3) (B) (x +3) (x=3) (* +2)
(C) (x+2) (x=2) (x* - 3) (D) (% +2) (x* - 6)
(12) The value of k for which (x + 2) is a factor of (x + 1)7 + (3x + k)? is
(A) =7 (B)7
(C) -1 (D) -6 -3
(13) 3v3x3 +y3 =
(A) (V3x+y)(3x? —V3xy +y?) (B) (vV3x—y)(3x? + V3xy +y?)
(C) (V3x+y)(3x* +V3xy +y?) (D) (V3x—y)(3x* = V3xy —y?)
(14) Factors of x3 + x2 + x + 1 =
(A) (x+1) (¢ -1) (B) (x=1) (% +1)
(C) (x=1) (x*=1) (D) (x+1) (®+1)
(15)y’ -2y -y +2=
A y-2)(y-1(y+1) BYly+2)(y-1)(y+1)
©C)y-2)(y+1y D) (y+ 1) (y-17
(16) Ifx§ + y§ + z§ = 0, then
(A)x3+y3+2z8=0 (B)x+y+z=27xyz
(C)(x+y+2z)3=27xyz (D) x3 + y3 + 23 = 27xyz
(17) 8a® — 2a%b — 15ab? =
(A) (4a + 5b) (2a2 — 3ab) (B) (4a — 5b) (2a% — 3ab)
(C) (4a — 5b) (2a2 + 3ab) (D) (4a + 5b) (2a2 + 3ab)
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(18) If x +y+z =0, then x® +y3 + Z3is

(A) xyz (B) 2xyz

(C) 3xyz (D) zero
(19) If x + 1/x = 15, then x2 + 1/x? is equal to

(A) 223 (B) 210

(C) 225 (D) 225 + 1/225
(20) 1 —x+x2—x3=

(A) (1+x) (1-x) (B) (1-x) (1+x)

C)(1-x)(1-x%) (D) (1+x) (1 +x?)

SpeE::lLabs

CHECK YOUR CONCEPT
(1) ()6 (i) 7 (iii) 2
2 (i) (@) -16,(b) — % (ii) (a) 22, (b) -3 (iiii) () Yes (b) No
(iv) 2 (v) =2 (vi) m=2, n= —1
(3) ()@ @+b-3)(a+b-2) (b) x—y)(x* +xy +y? —1)
(c) (@a—b)(a% +ab + b?)(@® + a3b3 + b®) (d) (2x+3)(3x—1)
(iii) +5
OBJECTIVE TYPE QUESTION
(1) (©) (6) (D) (11) (A) (16) ©)
(2) (B) (7) (B) (12) (B) (17) (A)
(3) (A) (8) (B) (13) (A) (18) (€)
(4) (B) (9) (B) (14) (D) (19) (A)
(5) (B) (10) (A) (15) (A) (20) (B)
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